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INTEGRAL PINCHED GRADIENT SHRINKING ρ-EINSTEIN
SOLITONS
GUANGYUE HUANG
Abstract. The gradient shrinking ρ-Einstein soliton is a triple (Mn, g, f)
such that
Rij + fij = (ρR + λ)gij ,
where (Mn, g) is a Riemannian manifold, λ > 0, ρ ∈ R \ {0} and f is the
potential function on Mn. In this paper, using algebraic curvature estimates
and the Yamabe-Sobolev inequality, we prove some integral pinching rigidity
results for compact gradient shrinking ρ-Einstein solitons.
1. Introduction
Let (Mn, g) be an n-dimensional Riemannian manifold. If there exist two real
constants ρ ∈ R \ {0}, λ ∈ R such that
Rij + fij = (ρR + λ)gij , (1.1)
we call (Mn, g) a gradient ρ-Einstein soliton, where Rij is the Ricci curvature and
R is the scalar curvature of the metric g, respectively. The gradient ρ-Einstein
solitons give rise to the self-similar solutions to a perturbed version of the Ricci
flow, the so-called Ricci-Bourguignon flows
∂
∂t
g = −2(Ric− ρRg). (1.2)
The short-time existence of the flow (1.2) was proved in [5] for every ρ < 12(n−1) .
We refer the readers to [5] for more results on this flow (1.2) and [7, 9] for results
on gradient ρ-Einstein solitons. The gradient ρ-Einstein soliton (Mn, g) satisfying
(1.1) is called shrinking if λ > 0, steady if λ = 0 and expanding if λ < 0. The
gradient ρ-Einstein soliton is a special case of the Ricci almost soliton which is
defined by
Rij + fij = λ˜ gij , (1.3)
where λ˜ is a smooth function on Mn, see [1, 18]. For more research on equation
(1.1), see [4, 6, 10, 12, 14, 15] and the references therein.
The equation (1.1) and the flow (1.2) are of special interesting for special values
of ρ: if ρ = 1/n, Ric− ρR is just the trace-less Ricci tensor; if ρ = 1/2, Ric− ρR is
the Einstein tensor; if ρ = 12(n−1) , Ric− ρR is the Schouten tensor. In particular,
if ρ = 0, the equation (1.1) is exactly the gradient Ricci soliton equation and the
flow (1.2) is exactly the Hamilton’s Ricci flow. As is well known, the gradient Ricci
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solitons play an important role in Ricci flow as they correspond to the self-similar
solutions and often arise as singularity models.
In [8], Catino proved that for 4 ≤ n ≤ 6, any compact gradient shrinking Ricci
soliton satisfying some L
n
2 -pinching condition is isometric to a quotient of the round
sphere. The proof in [8] was inspired by the rigidity of Einstein metrics satisfying
a L
n
2 -pinching condition (see [13]), and relies on some sharp curvature estimates
and the Yamabe-Sobolev inequality. The main goal of this paper is to classify the
gradient ρ-Einstein soliton satisfying some similar L
n
2 -pinching condition and to
generalize the results proved by Catino in [8].
Given an n-dimensional Riemannian manifold (Mn, g), we denote byW,Ric, R˚ic
and R the Weyl tensor, Ricci tensor, trace-less part of Ricci tensor and the scalar
curvature, respectively. The volume of M with respect to the metric g is denoted
by V (M). The Yamabe invariant Y (M, [g]) associated to (Mn, g) is defined by
Y (M, [g]) = inf
g˜∈[g]
∫
M
R˜ dvg˜
(
∫
M
dvg˜)
n−2
n
=
4(n− 1)
n− 2 infu∈W 1,2(M)
∫
M
|∇u|2 dvg + n−24(n−1)
∫
M
Ru2 dvg
(
∫
M
|u| 2nn−2 dvg)n−2n
,
(1.4)
where [g] is the conformal class of the metric g. If M is compact, Y (M, [g]) is
positive if and only if there exists a conformal metric in [g] with everywhere positive
scalar curvature. As we will show in §2, any compact gradient shrinking ρ-Einstein
soliton with ρ < 12(n−1) has positive scalar curvature, then it has positive Yamabe
invariant Y (M, [g]) > 0 as well.
Our first theorem is as follows.
Theorem 1.1. Let (Mn, g) be an n-dimensional (4 ≤ n ≤ 6) compact gradient
shrinking ρ-Einstein soliton satisfying (1.1) with ρ < 0. If
∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 dvg


2
n
+
√
(n− 4)2(n− 1)
8(n− 2) λV (M)
2
n
≤
√
n− 2
32(n− 1)Y (M, [g]),
(1.5)
then Mn is isometric to a quotient of the round sphere Sn.
Remark 1.1. By integrating the equation (2.1) in §2,
λV (M)
2
n =
1− nρ
n
V (M)
2−n
n
∫
M
R dvg ≥ 1− nρ
n
Y (M, [g]) ≥ 1
n
Y (M, [g]).
Thus, in the case n ≥ 7, the pinching condition (1.5) doesn’t hold.
In particular, in the case n = 4, we have
Corollary 1.2. Let (M4, g) be a compact gradient shrinking ρ-Einstein soliton
satisfying (1.1) with ρ < 0. If∫
M
(
|W |2 + |R˚ic|2
)
dvg <
1
48
Y (M, [g])2, (1.6)
then M4 is isometric to a quotient of the round sphere S4.
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Remark 1.2. By the well-known Chern-Gauss-Bonnet formula:∫
M
(
|W |2 − 2|R˚ic|2 + 1
6
R2
)
dvg = 31pi
2χ(M4),
where χ(M) is the Euler-Poincare´ characteristic of M4, and following the proof of
Catino in [8, §4], we can also obtain that, for compact gradient shrinking ρ-Einstein
soliton (M4, g) with ρ < 0, if∫
M
|W |2dvg + 5
4
∫
M
|R˚ic|2dvg < 1
48
∫
M
R2dvg,
then M4 is isometric to a quotient of the round sphere S4.
Remark 1.3. Our Theorem 1.1 combining with Theorem 1.4 of Catino in [8] shows
that any compact gradient shrinking ρ-Einstein soliton (Mn, g), 4 ≤ n ≤ 6, with
ρ ≤ 0 satisfying (1.5) must be isometric to a quotient of the round sphere.
For the gradient shrinking ρ-Einstein soliton (Mn, g) with ρ > 0, we have the
following theorem.
Theorem 1.3. Let (Mn, g) be an n-dimensional (5 ≤ n ≤ 6) compact gradient
shrinking ρ-Einstein soliton satisfying (1.1) with positive Ricci curvature. If
0 < ρ ≤ 2(n− 2)(n− 3)−
√
4(n− 2)2(n− 3)2 − n(n− 4)3
2n(n− 1)(n− 4) , (1.7)
and [ ∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 dvg] 2n+
√
(n− 4)2(n− 1)
8(n− 2) λV (M)
2
n
≤
√
n− 2
32(n− 1)Y (M, [g]),
(1.8)
and at least one of two inequalities is strict, then Mn is isometric to a quotient of
the round sphere Sn.
Remark 1.4. It’s easy to check that for n > 4, if ρ satisfies the condition (1.7), then
0 < ρ < 12(n−1) .
We observe that the result in Theorem 1.3 also holds for complete (possibly non-
compact) gradient shrinking ρ-Einstein soliton with ρ > 0 and bounded curvature,
nonnegative sectional curvature and positive Ricci curvature, since these conditions
force the manifold to be compact, as the following theorem says.
Theorem 1.4. Let (Mn, g) be a complete gradient shrinking ρ-Einstein soliton with
0 < ρ < 12(n−1) , bounded curvature, nonnegative sectional curvature and positive
Ricci curvature. Then (Mn, g) must be compact.
Munteanu-Wang [16] already shown that any gradient shrinking Ricci soliton
with nonnegative sectional curvature and positive Ricci curvature is compact. Thus
Theorem 1.4 is a generalization of their result to the gradient shrinking ρ-Einstein
soliton. We remark that the assumption that the curvature is bounded is not
required in Munteanu-Wang’s theorem. Here this assumption is used to estimate
the growth of the potential function, as shown in [7].
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2. Preliminaries
In this section, we collect some fundamental identities and properties for the
gradient ρ-Einstein solitons.
Lemma 2.1 ( [7,9]). Let (Mn, g) be a gradient ρ-Einstein soliton satisfying (1.1).
Then we have
∆f = −(1− nρ)R+ nλ, (2.1)
(1− 2(n− 1)ρ)R,i = 2Rijf j , (2.2)
(1− 2(n− 1)ρ)∆R = ∇R∇f − 2|R˚ic|2 − 2
n
((1 − nρ)R− nλ)R, (2.3)
where R˚ic is the trace free part of Ricci curvature and f j = gjkfk.
From the Lemma 2.1 and using the maximum principle, we can obtain the fol-
lowing
Proposition 2.2 ( [9]). Let (Mn, g) be a compact gradient shrinking ρ-Einstein
soliton satisfying (1.1) with ρ < 12(n−1) , then (M
n, g) has positive scalar curvature
R > 0.
Proof. We include the proof here for convenience of readers. If R is a constant,
then (2.1) shows that
0 =
∫
M
∆f = (nλ− (1− nρ)R)V (M)
which implies that R = nλ/(1− nρ) > 0. If R is not a constant, then from (2.3),
we have
0 ≥ ((1− nρ)Rmin − nλ)Rmin. (2.4)
Integrating (2.1) gives
(1− nρ)Rmin − nλ < 1
V (M)
∫
M
((1 − nρ)R− nλ) = − 1
V (M)
∫
M
∆f = 0.
Hence, from (2.4) we have Rmin ≥ 0. On the other hand, from (2.3) gives
(1− 2(n− 1)ρ)∆R−∇f∇R− 2λR ≤ 0.
By the strong minimum principle, R can not achieve its non-positive minimum in
Mn unless R is constant. Hence, we obtain Rmin 6= 0 and R ≥ Rmin > 0. 
Lemma 2.3. Let (Mn, g) be a gradient ρ-Einstein soliton satisfying (1.1). Then
we have
1
2
∆f |R˚ic|2 =|∇R˚ic|2 + 2λ|R˚ic|2 − 2WijklR˚ikR˚jl
+
4
n− 2 R˚ijR˚jkR˚ki + 2
(
ρ− n− 2
n(n− 1)
)
R|R˚ic|2 + (n− 2)ρR,ijR˚ij .
(2.5)
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Proof. It has been shown in [18, Lemm 3.3] that for a gradient Ricci almost soltion
of the form (1.3), we have
∆fRik =(∆λ˜)gik + (n− 2)λ˜ik + 2λ˜Rik − 2
n− 2
(
|Ric|2 − R
2
n− 1
)
gik
− 2n
(n− 1)(n− 2)RRik +
4
n− 2RilRkl − 2WijklRjl.
By R˚ij = Rij −R/ngij and
RijRjkRki = R˚ijR˚jkR˚ki +
3
n
R|Ric|2 − 2
n2
R3,
a direction computation shows
1
2
∆f |R˚ic|2 =|∇R˚ic|2 + 2
[
λ˜− n− 2
n(n− 1)R
]
|R˚ic|2 − 2WijklR˚ikR˚jl
+
4
n− 2 R˚ijR˚jkR˚ki + (n− 2)λ˜ijR˚ij .
Replacing λ˜ with ρR+ λ yields the desired estimate (2.5). 
We conclude this section with two algebraic curvature estimates involving the
Weyl tensor and trace-less Ricci tensor.
Lemma 2.4 ( [3, 8]). On every n-dimensional Riemannian manifold (Mn, g), we
have∣∣∣−WijklR˚ikR˚jl+ 2
n− 2 R˚ijR˚jkR˚ki
∣∣∣ ≤
√
n− 2
2(n− 1)
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)1/2
| R˚ic|2.
Lemma 2.5 ( [8, 11]). There exists a positive constant C(n) such that on every
n-dimensional Riemannian manifold (Mn, g), the following estimate holds
2WijklWipkqWpjql +
1
2
WijklWklpqWpqij ≤ C(n)|W |3, (2.6)
where
C(n) =


√
6
4 , n = 4
4
√
10
15 , n = 5√
70
2
√
3
, n = 6
5
2 , n ≥ 7.
Proof. For the proof, we refer to [8, Lemma 2.3] and [11, Lemma 2.1]. In [11], the
constant C(5) was improved to 4
√
10/15 from 1 in [8]. 
3. Some Lemmas
In this section, we derive some inequalities which will play key roles in proving
our main results.
Lemma 3.1. Let (Mn, g) be a gradient shrinking ρ-Einstein soliton satisfying (1.1)
with n ≥ 4. Then we have
0 ≥
{
n− 2
4(n− 1)Y (M, [g])−
n− 4
2
λV (M)
2
n
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−
√
2(n− 2)
n− 1

∫
M
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)n
4
dvg


2
n }(∫
M
|R˚ic| 2nn−2 dvg
)n−2
n
+
(
(n− 4)2
4n(n− 1) −
n− 4
2
ρ
)∫
M
R|R˚ic|2dvg − (n− 2)
2
2n
ρ
∫
M
|∇R|2dvg. (3.1)
Proof. Using the inequality in Lemma 2.4 and the Kato inequality |∇R˚ic|2 ≥
|∇|R˚ic||2 at the point where |R˚ic| 6= 0, we have from (2.5) that
0 ≥− 1
2
∆f |R˚ic|2 + |∇|R˚ic||2 + 2λ|R˚ic|2
−
√
2(n− 2)
n− 1
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)1/2
| R˚ic|2
+ 2
(
ρ− n− 2
n(n− 1)
)
R|R˚ic|2 + (n− 2)ρR,ijR˚ij .
Integrating by parts over M and using equation (2.1), we obtain
0 ≥
∫
M
{
− 1
2
|R˚ic|2∆f + |∇|R˚ic||2 + 2λ|R˚ic|2
−
√
2(n− 2)
n− 1
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)1/2
| R˚ic|2
+ 2
(
ρ− n− 2
n(n− 1)
)
R|R˚ic|2 + (n− 2)ρR,ijR˚ij
}
dvg
=
∫
M
{
|∇|R˚ic||2 − n− 4
2
λ|R˚ic|2 −
√
2(n− 2)
n− 1
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)1/2
| R˚ic|2
+
(
n2 − 5n+ 8
2n(n− 1) −
n− 4
2
ρ
)
R|R˚ic|2 + (n− 2)ρR,ijR˚ij
}
dvg. (3.2)
Notice that R˚ij,j =
n−2
2n R,i, the last term in (3.2) is equal to
(n− 2)ρ
∫
M
R,ijR˜ijdvg = − (n− 2)
2
2n
ρ
∫
M
|∇R|2dvg. (3.3)
As the Yamabe invariant Y (M, [g]) > 0 for any compact gradient shrinking ρ-
Einstein soliton with ρ < 12(n−1) , we have the following Yamabe-Sobolev inequality
by (1.4)
n− 2
4(n− 1)Y (M, [g])
(∫
M
|u| 2nn−2 dvg
)n−2
n ≤
∫
M
|∇u|2 dvg + n− 2
4(n− 1)
∫
M
Ru2 dvg.
(3.4)
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for any u ∈W 1,2(M). Replacing u by |R˚ic| in (3.4), one has
0 ≥ n− 2
4(n− 1)Y (M, [g])
(∫
M
|R˚ic| 2nn−2 dvg
)n−2
n − n− 4
2
λ
∫
M
|R˚ic|2dvg
−
√
2(n− 2)
n− 1
∫
M
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)1/2
|R˚ic|2dvg
+
(
(n− 4)2
4n(n− 1) −
n− 4
2
ρ
)∫
M
R|R˚ic|2dvg − (n− 2)
2
2n
ρ
∫
M
|∇R|2dvg.
As λ > 0 and n ≥ 4, the Ho¨lder inequality then implies that
0 ≥
{
n− 2
4(n− 1)Y (M, [g])−
n− 4
2
λV (M)
2
n
−
√
2(n− 2)
n− 1
[ ∫
M
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)n
4
dvg
] 2
n
}(∫
M
|R˚ic| 2nn−2 dvg
)n−2
n
+
(
(n− 4)2
4n(n− 1) −
n− 4
2
ρ
)∫
M
R|R˚ic|2dvg − (n− 2)
2
2n
ρ
∫
M
|∇R|2dvg.

Lemma 3.2. Let (Mn, g) be a gradient shrinking ρ-Einstein soliton satisfying (1.1)
with n ≥ 4. Then we have
0 ≥
{
n− 2
4(n− 1)Y (M, [g])−
n− 4
2
λV (M)
2
n
−
√
2(n− 2)
n− 1

∫
M
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)n
4
dvg


2
n }(∫
M
|R˚ic| 2nn−2 dvg
)n−2
n
+
(
(n− 4)2
4n(n− 1) −
n− 4
2
ρ− (n− 2)
2ρ
n[1− 2(n− 1)ρ]
)∫
M
R|R˚ic|2dvg
+
(n− 4)(n− 2)2ρ
n2[1− 2(n− 1)ρ]2
∫
M
RRic(∇f,∇f)dvg. (3.5)
Proof. The proof is similar with Lemma 3.1. The only difference is that we estimate
the last term in (3.2) as follows, by using (2.1)–(2.3).
(n− 2)ρ
∫
M
R,ijR˚ijdvg =
(n− 2)2
2n
ρ
∫
M
R∆Rdvg
=− (n− 2)
2ρ
n[1− 2(n− 1)ρ]
∫
M
R
[
− 1
2
∇R∇f + |R˚ic|2 + (1 − nρ)R− nλ
n
R
]
dvg
=− (n− 2)
2ρ
n[1− 2(n− 1)ρ]
∫
M
[1
4
R2∆f +R|R˚ic|2 + (1− nρ)R− nλ
n
R2
]
dvg
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=− (n− 4)(n− 2)
2ρ
4n2[1− 2(n− 1)ρ]
∫
M
R2∆fdvg − (n− 2)
2ρ
n[1− 2(n− 1)ρ]
∫
M
R|R˚ic|2dvg
=
(n− 4)(n− 2)2ρ
2n2[1− 2(n− 1)ρ]
∫
M
R∇R∇fdvg − (n− 2)
2ρ
n[1− 2(n− 1)ρ]
∫
M
R|R˜ic|2dvg
=
(n− 4)(n− 2)2ρ
n2[1− 2(n− 1)ρ]2
∫
M
RRic(∇f,∇f)dvg − (n− 2)
2ρ
n[1− 2(n− 1)ρ]
∫
M
R|R˚ic|2dvg.

Finally, we recall the following result which follows from the proof of [8, Theorem
3.3], so we omit the proof.
Lemma 3.3. Let C(n) be defined in Lemma 2.5. Then for the Einstein manifold
(Mn, g), n ≥ 4, with positive scalar curvature, we have

n+ 1
n− 1Y (M, [g])−
8(n− 1)
n− 2 C(n)
( ∫
M
|W |n2 dvg
) 2
n

∫
M
|∇|W ||2dvg
+

 2
n
Y (M, [g])− 2C(n)
( ∫
M
|W |n2 dvg
) 2
n

∫
M
R|W |2dvg ≤ 0.
(3.6)
4. Proof of main theorems
4.1. Proof of Theorem 1.1. Since ρ < 0, by Proposition 2.2 the scalar curvature
R > 0 on (Mn, g). Under the assumption of (1.5), in the case n = 5, 6, we get
R˚ic = 0 from (3.1) which says that (Mn, g) is Einstein. When n = 4, one can get
∇R = 0 from the last term in (3.1) and hence R is constant. Furthermore, this
shows that (Mn, g) is Einstein for n = 4 (see also [14, Theorem 2.2]). Thus, R˚ic = 0
holds for all n = 4, 5, 6 and the condition (1.5) becomes

∫
M
|W |n2 dvg


2
n
+
√
(n− 4)2(n− 1)
8(n− 2) λV (M)
2
n ≤
√
n− 2
32(n− 1)Y (M, [g]). (4.1)
Therefore g is a Yamabe metric of the conformal class [g], and
Y (M, [g]) = V (M)
2−n
n
∫
M
R dvg.
Integrating the equation (2.1) over M gives that
λV (M)
2
n =
1− nρ
n
V (M)
2−n
n
∫
M
Rdvg =
1− nρ
n
Y (M, [g]).
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Hence the pinching condition (4.1) implies that

∫
M
|W |n2 dvg


2
n
≤ 8n− n
2 − 8 + 2nρ(n− 4)(n− 1)
4n
√
2(n− 1)(n− 2) Y (M, [g])
≤ 8n− n
2 − 8
4n
√
2(n− 1)(n− 2)Y (M, [g]) (4.2)
as ρ < 0. Substituting (4.2) into (3.6) and comparing the coefficients, we obtain
that the Weyl tensor W = 0. Note that (Mn, g) is Einstein and has positive scalar
curvature. Therefore, we conclude that (Mn, g) is isometric a quotient to the round
sphere Sn.
4.2. Proof of Theorem 1.3. When n ≥ 5, since Mn has positive Ricci curvature
and ρ > 0, we have from(3.5)
0 ≥
{
n− 2
4(n− 1)Y (M, [g])−
n− 4
2
λV (M)
2
n
−
√
2(n− 2)
n− 1
[ ∫
M
(
|W |2 + 8
n(n− 2) |R˚ic|
2
)n
4
dvg
] 2
n
}(∫
M
|R˚ic| 2nn−2 dvg
)n−2
n
+
[ (n− 4)2
4n(n− 1) −
n− 4
2
ρ− (n− 2)
2ρ
n[1− 2(n− 1)ρ]
] ∫
M
R|R˚ic|2dvg. (4.3)
The first condition (1.7) implies that
(n− 4)2
4n(n− 1) −
n− 4
2
ρ− (n− 2)
2ρ
n(1− 2(n− 1)ρ) ≥ 0. (4.4)
Then combining (4.4) with the second condition (1.8) of Theorem 1.3, if at least
one of them are strict inequality, we obtain from (4.3) that (Mn, g) is Einstein. By
Obata’s [17] theorem, g is the Yamabe metric of the conformal class [g]. Then,
integrating the equation (2.1) gives
λV (M)
2
n =
1− nρ
n
V (M)
2−n
n
∫
M
Rdvg =
1− nρ
n
Y (M, [g]).
Hence the condition (1.8) becomes
( ∫
M
|W |n2 dvg
) 2
n ≤ C1(n, ρ)Y (M, [g]), (4.5)
where
C1(n, ρ) =
−n2 + 8n− 8
4n
√
2(n− 1)(n− 2) + ρ
√
(n− 4)2(n− 1)
8(n− 2) . (4.6)
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Inserting (4.5) into the inequality (3.6) yields(
n+ 1
n− 1 −
8(n− 1)
n− 2 C1(n, ρ)C(n)
)∫
M
|∇|W ||2dvg
+
(
2
n
− 2C1(n, ρ)C(n)
)∫
M
R|W |2dvg ≤ 0. (4.7)
By a direct calculation, we can check that
n+ 1
n− 1 −
8(n− 1)
n− 2 C1(n, ρ)C(n) > 0 (4.8)
and
2
n
− 2C1(n, ρ)C(n) > 0.
hold for all n ≥ 5 and ρ satisfying the condition (1.7). Therefore (4.7) and the
positivity of the scalar curvature imply that the Weyl tensor W = 0. Then we
conclude that (Mn, g) is isometric to a quotient of a round sphere.
4.3. Proof of Theorem 1.4. Assume that (Mn, g) is a complete gradient shrink-
ing ρ-Einstein soliton with 0 < ρ < 12(n−1) , bounded curvature, nonnegative sec-
tional curvature and positive Ricci curvature. If the potential function f is constant,
then the equation (1.1) and the Bonnet-Myers theorem imply that the manifold is
compact. If f is not a constant, then reasoning as [7, §3], there exists a hyper-
surface Σ0 ⊂ M which is a regular level set of f and the function f only depends
on the signed distance r to Σ0 on the whole manifold. If the signed distance is
bounded, then the potential function is also bounded (see Proposition 3.5 of [7]).
As the Bakry-Emery Ricci tensor Ric+∇2f is bounded from below by a positive
constant, Theorem 1.4 of [19] implies that the manifold is compact. If the signed
distance r is unbounded, Proposition 4.3 of [7] implies that the scalar curvature R
is constant. Then our manifold (Mn, g) is just a gradient shrinking Ricci soliton
satisfying the assumption of [16, Theorem 2]. Hence, (Mn, g) is compact.
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